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~ Abstract

We derive a practical algorithm for dynamic storage allocation based on a theoretical
result. We apply this algorithm to disk storage allocation of Bt-trees with partial
expansions. Simulation results show that this algorithm works well for this case.

1 Introduction

The dynamic storage allocation problem consists in a storage of consecutive cells (memory)
of size S and an allocation algorithm that answers requests for allocating new blocks or
freeing blocks to the storage. Also a set of possible block sizes {b1, b3, -, bn} is given, such
that 1 < by <bg < -+ < by. _

The problem is to find a good strategy for the allocation algorithm to minimize the
wasted space (fragmentation) in the storage. Given an upper limit M for the total number
of occupied cells at any time, this problem can be stated as: What is the minimum number
of cells S(M, {by,bs,--+,bs}) with which an allocation algorithm can answer any sequence
of requests?

In [9] it was proved that the limit

. S(M,{b]_,b2,"‘,bn})
A}l—{noo M '

exists. We will call this limit S({b1, b, -,bn}). The case b; = 27-1 was studied by Robson
[10], who found that
,
S({1,2,---,2"}) =1+ 7

*This work was also supported by the University of Chile, Santiago, Chile



Krogdahl [6] extended this result for the case in which each of the ratios b; ;/bj—1 is an
integer, showing that

bn—l
by )-

S({b1, bz, -+, ba}) =14+ (1 :—:)+...+(1_

In this paper we extend the latter result, showing that this result is also an upper bound
for any set {by,bs,---,b,}. From this we derive a practical algorithm for this problem. In
the last section we apply this algorithm to the disk storage allocation of Bt-trees with
partial expansions. '

2 A General Upper Bound
The next theorem is based on [6].

THEOREM 2.1 For any set of possible sizes {by,by,--+,bn} such that ecach b; is an integer
and 1 < by < by < <+ < by, then

n
S({bl, bZa ) bﬂ}) <1+ Z(l - b‘—jl
=2 ¢
Proof: Let M be a multiple of m = MCM(by,b%,---,b2), where MCM(a,b) means the
minimum common multiple of @ and b. We shall show that there is an algorlthm that can
meet any sequence of requests with a storage of at least size M(14 3 7 5(1— —'——‘)) Since
we know that the limit exists, this will show that the statement of the theorem is true.
The storage is divided into n pieces, P;, such that the size of each piece s; is

(M i=1
Tl a-Y%M 2<i<n

Note that each s; is a multiple of any b;, for any 5 and 5. A request for a b; block is always
placed in any one of the pieces Pj,---, P; and always an integer multiple of its own length
away from the boundary of the selected piece. This implies that the smallest block ever
allocated in piece P; is of size bj. Assume that a b; block cannot be allocated. Then each
of the P; ({ = 1,---,7) pieces is occupied by at least b; blocks. This then means b;F; /b
occupied cells in each P;: Hence, the total number of occupied cells is

1‘_b b bh—l
by (___523M+...+L___)~_M:M_
br by, b

This means that the request is illegal. =

We were not able to prove that this upper bound is the exact result. However, taking
in account that the problem is more difficult for a general set {by,bs,- - -, b,}, We conjecture
that this upper bound is in fact an equality.
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Note that this upper bound in the amount of space gives a lower bound in the storage
utilization (that is the reciprocal of S/M). As a special case, we have that if any integer
size between 1 and n is allowed, then

S(1,2,-+-,n) < H,=lnn+ O(1),

where H, = 3.7, 1/i are the harmonic numbers. This result proves half of the conjecture
raised in [10].

3 The Allocation Algorithm

In practice, it is possible to implement the algorithm as presented in the previous section.
However, the implementation could be difficult and expensive. In addition, there are some
aspects of the algorithm not completely defined. For example, if there exist more than one
place for a new block, which one we must use.

The first observation is that for the purposes of the proof, M is in general, a multiple
of a very large number. This is not necessary, since each piece P; is also a multiple of
B = MCM(by,bs,--+,b,). Then, instead of having n pieces of different sizes, we can divide
the storage into many pieces of equal size B, and the allocation algorithm will be the same
for each piece. The amount of initial storage available must be a multiple of B, and in
general M will be much bigger than B. Note that we are not using the condition that a
block of size b; must be allocated in only some part of the storage. The reason for this is
that without this condition the algorithm is simpler and on average the behaviour will be
similar. '

A request for a b; block is placed in any of these pieces and always an integer multiple
of its own length away from the boundary of the selected piece. In other words, the blocks
are boundary aligned. A similar idea is used in the best fit aligned allocation method [4].

To find free space efficiently and to know if a request to free a block is valid, we need
additional information. For this, we associate with each piece some status information that
we will call the state of the piece. The possible number of states is the number of possible
different allocation patterns in one piece. This number is less that 28 50 we need less than
B bits to represent the state of each piece, and therefore we need less than 1 bit for each
cell of the storage. For example, if each cell is a 4-byte word, we need 1 bit for each 4 bytes.

There are two obvious ways to describe the states of all the pieces. The first is to have a
bit map, storing sequentially the state of each piece. To find a free space we search linearly
in the bit map for a piece in a state that has space for the block requested. To improve the
worst case, it ig possible to maintain n pointers to the first piece that has space for a block
of size b;. The search will be intrinsically linear, and the space needed will be O(M), but
with a small constant much less than 1.

The second way is to have a list for each state with the addresses of all the pieces in
that state. To find free space we search in the lists of states having space for the requested
block. In the worst case this search can be linear in the number of states, but usually will
take O(1). For this we need 2 words per piece, that is space O(M/B).
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Whatever we use for the description of the piece, the selection of the first adequate piece
will be like a first fit algorithm. If we have more than one choice, we can have a best fit
algorithm. In this case best fit will mean besi state. For example we could choose the state
more filled, or the state that has more blocks of the same size, etc. After choosing which
piece, we need to decide where in that piece we put the new block if we have more than one
choice. For example, the best fit aligned position. These policies for allocating a new block
will depend on the application. _

Having selected the location of the new block, we need to compute the new state of the
piece. The same is true if we are freeing a block. There are 2 possibilities: we compute the
new state or we have a transformation table which, given a state and an action, yields the
new state. '

The last problem, concerns to what happens if we cannot answer a request. We have two
solutions. The first one is compaction. However, for compaction we need to know all the
pointers to the pieces. This means that we need an additional data structure for translating
the pointers of the application to our pointers. In that way we can move our pointers
without change the pointers of the application. In general, compaction is expensive, and
the results are often not worthwhile [4]. For this reason we recommend the next solution.

" The second solution is to obtain more free space. This is very easy. We need only to
request a piece of size B contiguous to our storage of size M. This means that our storage
can grow incrementally, starting from one piece to many as we need. This also provides a
way to use this algorithm over other storage environment. We have a linked list with all
the current used pieces, and each time that we need more space we allocate a new block of
size B. This is particularly suitable if we want to have a better allocation algorithm than
the one provided by the environment; moreover we only need an storage environment that
provides a good allocation strategy for blocks of a unique size. With the same structure,
compaction is also possible, because the linked list is the structure that transforms the
pointers of the application to our pointers.

This algorithm is a general setting for the problem of dynamic storage allocation with
many possible sizes. We think that in many cases it is a good choice, and we demonstrate
this in the next section for a particular case.

4 An Application

4.1 Bt-trees with Partial Expansions

A B-tree is a balanced multiway search tree. We define a B—trée of order m as follows:
1. The root has between two and 2m + 1 descendents.
2. Any other internal node has between m + 1 and 2m + 1 descendents.
3. All the leaves are at the same level.

In a Bt -tree all data records are stored at the lowest level (buckets), and the upper levels
are a B-tree index to the data buckets [5] All the buckets are of the same size. File growth



is handled by bucket splitting, that is, when a bucket overflows, an additional bucket is
allocated and half of the records from the overflowing bucket are moved to the new bucket.
The same method is applied to index nodes. The average storage utilization of a BV-tree
is asymptotically 69% [1].

To improve the storage utilization of the B¥-tree some overflow techniques have been
proposed (see [5] for a summary). One of the best known are B*-trees. In this case, if we
have an overflow, first we check at its adjacent brothers for free space. If there is space, some
records are shifted and a split is avoided. If not, it means that at least one other bucket is
in overflow. Then, an additional bucket is allocated, and the records of the two overflowing
buckets are distributed in three buckets. With this the minimum storage utilization is 67%.
However, the insertion time ig greater than the simple case.

In a recent paper [8], Lomet proposed the use of elastic buckets. The idea is simply
to increase the size of an overflowing bucket instead of splitting it. Each expansion step
is called a partial ezpansion and a bucket is expanded until it reaches some predetermined
maximum size. When a bucket of maximum size overflows, it is split into two buckets (of
minimum size) in the same way as for a standard B*-tree. This process of a bucket gradually
growing from its minimum size until it splits, is called a full ezpansion. A full expansion
increases the number of buckets by one. The idea of partial expansions has previously been
applied to Linear Hashing [7]. :

Let r be the number of expansion steps requ1red to grow a bucket from its minimum size

up to and including the final split. For simplicity we assume that records are of fixed length
and measure the bucket size (capacity) in number of records. Let the r different bucket
sizes be so, 81, ..., 5,1, Where 89 < 83 < ... < 8,_1. We call this the bucket growth sequence.
In principle, any strictly increasing sequence is a valid growth sequence, provided that
2sg > 8,1 + 1. However, due to hardware and software limitations, the following growth
sequence seems most practical [7]. Let a pege be the smallest unit of transfer between disk
and main memory, and a pege block some fixed number of consecutive pages. Assume that
the capacity of a page block is b records. For simplicity, we assume that b is integer. Then
choose the growth sequence rb, (r+1)b, --- , (2r—1)b. In other words, the minimum bucket
size 1s rb records and each partial expansion increases the bucket size by one page block,
up to the maximum bucket size of (2r — 1)b. The minimum possible storage utilization is
r/(r + 1) (in the first expansion).
Ezample: For page blocks of size 5, and 3 partial expansions, the growth sequence is 15, 20,
25. When inserting the 26th record into a bucket, it splits into two buckets of size 15, each
one containing 13 records. The minimum storage utilization for the various bucket sizes is
13/15 = 0.866..., 16/20 = 0.8, 21/25 = 0.84.

For a complete analytical and empirical analysis of this trees see [2]. All the theo-
retical results mentioned in this section are from the previous reference. All the results
are asymptotical in the number of records inserted in the tree (no deletions). For exam-
ple, the asymptotic average storage utilization for large buckets for B -trees with r partial
expansions is [2]

In2

U= —
Hyp3 — Hey
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and one advantage is that the insertion time is only a little more expensive than that of
simple B F-trees. However, the disadvantage is that disk space management is more difficult.

4.2 Disk Storage Management

For the disk space management we apply our algorithm. The basic cell unit will be a page
block, and if we are using r partial expansions, the set of allowed blocks is {r,...,2r — 1}.
Hence, the piece size B will be the minimum common multiple of all these numbers. Clearly,
B < r(r+1)---(2r — 1). Now we are interested in the total storage utilization in the used
pieces. Applying the lower bound of the first section, and using the minimum storage
utilization in a bucket, we obtain a lower bound for the total storage utilization. This
lower bound is the worst case of the original algorithm. Similarly, the average total storage
utilization is bounded from above by the storage utilization in the B*-tree. Hence, if Uy is
the average total storage utilization, we have

»

<U; LU
(r+1)(1+H2r—1v_ Hr) =rs

For large r, this becomes

1
14+1In2

The value of the lower bound is 59%. _

Which value of r is the best? From the point of view of internal storage utilization, r must
be as large as possible. However, we have some drawbacks. First the size of B grows with
r and then each new piece allocated significantly changes the storage utilization. In other
words, the transient phase will be longer and unstable. Second, the external fragmentation
grows as we have more sizes. We have selected r = 2 for testing the algorithm, as a
compromise between storage utilization and the dynamic storage management.

With two partial expansions, we divide the disk storage in pieces of size B = 6 page
blocks. When more space is needed for the file, an additional piece is requested from the
operating system. A piece stores either one, two or three buckets. Denoting the relative
bucket sizes by 2 and 3, the following classification of the states of a piece is sufficient for
our purpose:

+0(1/r) < U £1-0(1/r)

o empty, 240, 0+2+0, 0+2, 3-+0, 0+3, 24240, 24+0+2, 0+2+2, 2+3, 3+2, 2+2+2, 343

The notation 240 means that a bucket of size 2 occupies the two leftmost page blocks and
the rest are free. 2+0+2 means that there is free space in the middle of the piece. An
in-core table is used for keeping track of the state of each piece of the file. We must be able
to distinguish between the states listed above. Hence this scheme requires 4-bit entries in
the table (bit map). From this table we can find out not only whether a piece has room
for a new bucket, but also the exact size and location of the free space within the piece.
We can therefore write out a new bucket directly without first having to read in the piece.
Even for a large file, the bit table is small enough to be kept in main memory. For example,
if we have 50 million records, we will need approximately 335K pieces if a page block has



a capacity of 30 records (small bucket size 60). This means a bit map of approximately
170K. The fact that the search for free space is linear is not important given the difference
in access time between primary and secondary memory.

Space may now be wasted because of internal and external fragmentation. Internal
fragmentation refers to the space wasted within buckets. External fragmentation refers to
the space wasted because pieces are not completely filled.

Now, we must define the allocation policy for this particular case. The algorithm
searches for pieces with free space in a certain order. To speed up the search we main-
tain a pointer to the first piece in each state. The order used was (depending on the size
requested)

Size 2: 04-24-0; 24-24-0 or 24042 or 0+242; 24040 or 0+0+2; 0+3 or 3+0
Size 3: 043 or 34-0; 04042 or 24-04-0

That is, when space is needed for a bucket of size 2, we first try to find a piece in state
0+2+40. If no such pieces exist, we try to find a piece in one of the states 24240, 2+0--2,
or 0+2+2, and so on. When we find space we can answer the request immediately, and we
can update the pointers in parallel with the system.

4.3 Analysis

In general, the analysis of dynamic storage allocation algorithms is very difficult (see [3]).
However, in this case we have more information. We only have two types of events. If a
block of size 2 is freed, then a block of size 3.will be requested. If a block of size 3 is freed,
then two blocks of size 2 will be requested. :

With this, it is possible to obtain a good lower bound for the average total storage
utilization. For this, we follow the same allocation schema, with the restriction that all the
requests are resolved within the same piece. If there is no more space in a piece, then a
new piece is allocated. The result will be a lower bound, because we not use the free space
available in other pieces.

Figure 1: Transition Diagram of the Allocation Process in a piece

Figure 1 shows the transition diagram that represents the possible states of a piece
and the allocation process. The dashed arrows represent the creation of new pieces. The
probability ¢ represents how frequently a block of size 3 is transformed into two of size 2
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(split). Hence, the probability of a partial expansion is 1 — ¢g. We will reach a steady state,
asymptotically in the number of records inserted. If p; is the probability of a piece being in
state ¢ we have

p2 =0, ps=p2, p22 = p3-+pz22, P23 = P22+ P33, P33 = (1 — ¢)p23, P222 = q pas

and, of course,
P2 + ps + pa22 + p23 + p3s + paz2 = 1.

We need another equation to obtain the value of g. For this, we use the ratio between
buckets of size 2 and buckets of size 3. Let f5(b) and f3(b) be the asymptotic fraction of
buckets of size 2 and 3, respectively, when the page block size is b. Then

P2 + 2pa2 + pas + 3pzaz  fa(b)

= = g(b).
ps + p2s + 2pss f3(b) o(b)
From [2] we have ‘
b+1 b
b) = d b) = .
fa(0) = g5y and B0 =57
So g(b) = H—Ll' Solving the system we obtain
2b+ 3 76+ 2 56— 1 26+3

p2 » P3 » P22 16b+7’p23 16b+7’p33 166+7’p222 166+ 7

and ¢ = 3—211%. For large bucket sizes (or page block sizes) g converges to 2/7.
Let ua(b) and us(b) be the asymptotic storage utilization on buckets of size 2 and 3

respectively. Then, the total storage utilization in one piece is bounded by

23
Us > (p2 + paz + %3—' + p22a)ua(b) + (p3 + 1—75— + p3s)us(b)

. (38b + 40)U2(b) + 51bU,3(b)
N 6(16b +17)
As already mentioned, an upper bound on the total storage utilization is the internal
storage utilization of the buckets. For r = 2 [2] this value for a page block size b is

(20 +1)(3b+ 1)
U < b(5b+ 2)

a(b)

with
a(b) = Hsapy1 — H(zpy1)jz b odd
H3b - H3b/2 b even )

From [2] we know that

)
uy(b) = Q%;()é-t%ﬂ(ﬂnﬂ - H(3b+1)/2) b odd
12_”2%31_%"_’2(}{%“ — Hapz — 557) b even
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and
b+ b+
ua(b) - 12)11(22 2

Hence, for large bucket sizes we have

(Hsp+1 — Hapg1)-

21 6
Sln2- %1n3+0(1/b) < U < ZIn2+0(1/b)

or

1724 +O(1/b) < Uy < .8318 + O(1/b).

4.4 Simulation Results

In this section, simulation results are presented. Figure 2 shows the development of the
average total storage utilization for smallest bucket size 60. The solid line represent aver-
ages from 100 simulated file loadings. The top line represents the internal storage utilization
(upper bound) of the B*-tree with 2 partial expansions. The bottom line represents the the-
oretically expected storage utilization for a standard BT-tree with bucket size 60. Initially
the file consisted of completely filled smallest buckets. This initial state was deliberately
chosen to see how the schemes perform when there is heavy expansion and splitting activity,
and when there is a significant excess of buckets of one type.

It is apparent from figure 2 that the fragmentation is very little, and that the total
storage utilization out performs the simple B¥-tree. For this algorithm, the lowest storage
utilization occurs when there has been an excess of bucket of size 3 and they start splitting.
When there is an excess of buckets of size 3, there will be many buckets in state 34-3. When
these buckets start splitting, a significant fraction of buckets in state 2+3 (or 3+2) will be
created, wasting 1/6 of a piece. This is further exacerbated by the low internal storage
utilization in the newly created buckets of size 2.

Table 1 shows simulation results and the theoretical upper bounds for large files and
two different smallest bucket sizes. Note that the upper bound cannot be achieved without
relocation of buckets. In the steady state there is still expansion and splitting activity going
on. When a bucket is expanded or split, a “hole” may be created which then will persist
for some time until it is eventually filled. At any given point in time, a few such “holes”
may exist. To fill a “hole” immediately would require relocation of some existing bucket.

Smallest bucket size | Lower Bound | Simulation results | Upper bound
(100 runs)

12 0.7970 0.82800 £ 0.00071 0.85696

(20000 records)

60 0.7776 0.81020 £ 0.00056 0.83706

(150000 records)

Table 1: Total storage utilization for large files (95% confidence interval)
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Figure 2: Average total storage utilization for smallest bucket size 60

The total storage utilization is over 80%, which is more than 10 percentage points higher
than the storage utilization of a standard B*-tree. The results are close to the upper bound,
which indicates that there is little to be gained by bucket relocation.

5 Conclusions

We have presented a general algorithm for the dynamic storage allocation problem. This
algorithm can be adapted for many different problems, and can be used in an environment
that provides storage allocation for blocks of a unique size.

We have applied this algorithm to a particular case: B*-trees with partial expansions.
Simulation results confirm the fact that the storage utilization obtained with this algorithm
is almost optimal. As a further conclusion, B*-trees with partial expansions using this
allocation algorithm for secondary storage is the better implementation of B*-trees, to the
best of our knowledge. The main reason being that it provides a storage utilization of
around 81% without increasing the insertion time [2]. On the other hand, B"-trees provide
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the same storage utilization, but double the insertion time [1].
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